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ABSTRACT
The photon spectrum emitted by a transrelativistic pair plasma is calculated in the presence of an
ultrastrong magnetic field, and is shown to bear a remarkable resemblance to the rising hard X-ray
spectra of quiescent magnetars. This emission is powered by pair annihilation which, in contrast with
a weakly magnetized pair plasma, shows an extended low-frequency tail similar to bremsstrahlung.
Cross sections for electron-positron annihilation, two-photon pair creation, and photon-e± scattering
are adopted from our earlier ab initio QED calculations in the regime α−1emBQ  B  BQ. Careful
attention is given to the u-channel scattering resonance. Magnetospheric arcades anchored in zones of
intense crustal shear and reaching about twice the magnetar radius are identified as the sites of the
persistent hard X-ray emission. We deduce a novel and stable configuration for the magnetospheric
circuit, with a high plasma density sustained by ohmic heating and in situ pair creation. Pairs are
sourced non-locally by photon collisions in zones with weak currents, such as the polar cap. Annihi-
lation bremsstrahlung extends to the optical-IR band, where the plasma cutoff is located. The upper
magnetar atmosphere experiences strong current-driven growth of ion-acoustic turbulence, which may
limit positron diffusion. Coherent optical-IR emission is bounded near the observed flux by induced
scattering. This model accommodates the rapid X-ray brightening of an activating magnetar, con-
centrated thermal hotspots, and the subdominant thermal X-ray emission of some active magnetars.
Current injection is ascribed to continuous magnetic braiding, as seen in the global yielding calculations
of Thompson, Yang & Ortiz.
Keywords: Compact radiation sources (289), Gamma-rays (637), Magnetars (992), Magnetic fields
(994), Plasma astrophysics (1261)
1. INTRODUCTION
Extensive observational and theoretical studies of
magnetars over the last two decades have made clear
that magnetic field decay is mediated not only by inter-
nal diffusive processes, but also by the excitation and
damping of powerful electric currents outside the star.
The output of magnetars in hard X-rays, even in relative
quiescence, can outstrip the spindown power by 3-4 or-
ders of magnitude (Kuiper et al. 2004, 2006; Mereghetti
et al. 2005a; Go¨tz et al. 2006); the output in the optical-
IR band can exceed the expected surface Rayleigh-Jeans
emission by an even larger factor (Hulleman et al. 2001,
2004; Durant & van Kerkwijk 2005). The emission in
these two bands is sometimes correlated in a striking
way (Tam et al. 2004). Kaspi & Beloborodov (2017) give
an up-to-date review of the rich observational develop-
ments over the last two decades and recent theoretical
approaches.
Only fragmentary progress has been made toward
understanding how such powerful currents could be
sustained, given the strong gravitational stratification
of the magnetar atmosphere. It is clear that a self-
consistent model of the magnetospheric plasma, which
incorporates electron-positron pair creation, is a pre-
requisite for identifying the source of the non-thermal
emission. The problems of photon creation and pair
creation must be tackled together.
Our focus here is on the simplest possible plasma
state: a collisional, transrelativistic, and quasi-thermal
pair gas. We show that a single quantum electrodynamic
(QED) process operating in such a plasma can easily ac-
count for the measured hard X-ray continuum of a qui-
escent magnetar (which emits an increasing energy flux
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2above ∼ 10 keV in photon energy). This process, which
we term “annihilation bremsstrahlung”, operates only
in magnetic fields exceeding BQ ≡ mec3/e~ = 4.4×1013
G. It generates an extended electromagnetic continuum
in the absence of a relativistic distribution of particle en-
ergies, and without the need to invoke multiple scatter-
ing. The source of the > 10 keV emission of a quiescent
magnetar is found to be concentrated in the inner mag-
netosphere, where the magnetic flux density is around
5BQ = 2 × 1014 G, somewhat weaker than the surface
field.
The emission of a soft photon (a photon with energy
much less than the electron rest mass, mec
2) occurs with
a dramatically enhanced cross section during the colli-
sion of an electron and positron, if the pair temporarily
converts to a gamma ray, e+ + e− → γ → e+ + e−.
The emission rate in this annihilation channel (s chan-
nel) is enhanced by a factor 102 or more as compared
with the scattering channel (t channel), which closely
resembles classical bremsstrahlung. The high collision
rate within the plasma also implies strong ohmic heat-
ing. In order to radiate the dissipated energy, we show
that the pair density must exceed, by at least an or-
der of magnitude, the minimum density that will supply
the magnetospheric current. Above a threshold current
density, the plasma naturally falls into a collisional and
trans-relativistic state, very different from the relativis-
tic double layer uncovered by Beloborodov & Thompson
(2007).
Our simulations employ the rates and cross sections of
several QED processes that were obtained in the ab ini-
tio calculations of Kostenko & Thompson (2018, 2019).
We develop a detailed Monte Carlo description of pho-
ton emission by e± annihilation, absorption by pho-
ton collisions, and redistribution by multiple scattering,
taking into account the strong u-channel resonance ex-
perienced by photons near the pair creation threshold.
Not only does this procedure yield self-consistent pho-
ton spectra, but it allows us to track the balance of pair
creation and annihilation. We further show that the
trans-relativistic, collisional plasma is an attractor, in
the sense that the plasma will spontaneously move to-
ward a state of combined energy and annihilation equi-
librium.
The hard X-rays are emitted almost entirely in the or-
dinary polarization mode (O-mode), which has a much
larger cross section for interaction with e± in an ultra-
strong magnetic field than does the extraordinary mode
(E-mode; Harding & Lai 2006). In fact, the presence of a
rising hard X-ray continuum in the magnetar spectrum
can be viewed, in our approach, as partly a consequence
of this strong imbalance. Heat deposited below the mag-
netar surface by crustal yielding or impacting relativistic
particles is mostly radiated through the low-cross section
E-mode. The closest analog amongst previous models of
the hard X-ray emission is the bremsstrahlung model de-
scribed by Thompson & Beloborodov (2005), which in-
volves a warm beam-heated layer in the upper magnetar
atmosphere. Classical bremsstrahlung emission decays
away from the magnetar surface much more rapidly than
does the annihilation bremsstrahlung process described
here. Calculations combining the magnetospheric emis-
sion with surface heating by annihilating positrons will
be presented in a companion paper (Kostenko 2020).
The current-carrying flux structures that support the
collisional pair plasma described here are associated
with zones of intense crustal shear. These are produced
when the core magnetic field comes into imbalance and
globally stresses the magnetar crust (Thompson et al.
2017), or global Hall drift creates strong localized mag-
netic shear (Gourgouliatos et al. 2016). The surface
blackbody emission from impacting charges is relatively
weak as compared with the relativistic double layer so-
lution of Beloborodov & Thompson (2007), allowing for
relatively stronger output in the hard X-ray band.
The emitted hard X-ray spectrum is predicted to ex-
tend to an energy ~ω ∼ mec2. As a result, collisions be-
tween photons of this peak energy are a powerful source
of pairs outside the parts of the magnetosphere that
connect to the crustal shear zones. In many cases, the
crustal shear zones will not intersect with the polar cap
region. Our electrodynamic model therefore suggests a
significantly weaker pair density in the outer magneto-
sphere as compared with the “j-bundle” construction of
Beloborodov (2009).
The same current-carrying structures that produce
the hard X-ray continuum of a magnetar are also a
promising source of the bright optical-IR emission. An-
nihilation bremsstrahlung extends down into the optical-
IR band, but is cut off below ∼ 1014 Hz by a combi-
nation of the finite plasma frequency, self-absorption,
and induced scattering. This process is not relevant to
the bright detected radio to millimeter-wave emission
(Camilo et al. 2006, 2007; Torne et al. 2015, 2020). Al-
though the observed optical-IR output is too bright to
be produced directly by annihilation bremsstrahlung, it
could represent reprocessing of intrinsically brighter UV
emission. Given that the peak plasma frequency sits in
the optical-IR band, the transrelativistic pair plasma is
also a promising source of coherent radiation (Eichler et
al. 2002). The IR flux as limited by induced e± scatter-
ing turns out to be similar to the observed flux.
The plan of this paper is as follows. Section 2 de-
scribes the relevant QED interactions between photons,
3electrons and positrons, in particular the two-photon an-
nihilation spectrum of transrelativistic pairs and how
this varies with the background magnetic field. Section
3 explains the MC method. The equilibrium state of
an e± plasma and the associated ohmic heating are in-
vestigated in Section 4, along with the current-driven
instability of the magnetar atmosphere. Analytic esti-
mates and detailed MC results for the emergent photon
spectrum and rates of pair creation/destruction are pre-
sented in Section 5. Optical/IR plasma emission from
the same plasma is considered in Section 6, along with
the relevant physical constraints. A concrete example
of a current-carrying arcade is presented in Section 7,
and the calculated non-thermal emission is briefly com-
pared with data. A summary is presented in Section 8.
There we also compare our approach with the previous
resonant scattering models of Ferna´ndez & Thompson
(2007), Baring & Harding (2007), Nobili et al. (2008a)
and Beloborodov (2013a), and examine the implications
of gamma-ray emission in the inner magnetosphere for
the global current flow, and for the decay of magneto-
spheric currents. The Appendix offers details of soft-
photon emission in e± backscattering.
Throughout this paper, we adopt the shorthand X =
Xn × 10n to describe the normalization of quantity X
in c.g.s. units.
2. ELECTRON-POSITRON-PHOTON
INTERACTIONS
The interactions of electrons, positrons, and photons
are modified in some remarkable ways by an ultrastrong
magnetic field, exceeding BQ. Our focus here is on the
emission and transport of ordinary-mode (O-mode) pho-
tons in a plasma containing mildly relativistic electrons
and positrons. The pairs remain confined to the low-
est Landau state, and the plasma is dilute enough that
the dielectric tensor is dominated by vacuum polariza-
tion. The electric vector of the O-mode overlaps with
the background magnetic field B (Eˆ ‖ kˆ × (kˆ × B)
given a propagation direction kˆ). Its low-frequency
(classical) scattering cross section is sin2 θ σT, where
θ = cos−1(kˆ ·B/B) (Harding & Lai 2006).
While enhanced scattering at Landau resonances has
received much attention (Daugherty & Harding 1986;
Gonthier et al. 2000; Nobili et al. 2008b; Mushtukov
et al. 2016), the interactions of e± that are confined
to the lowest Landau state are of great interest in the
magnetar regime, 10α−1emBQ  B  BQ. Not only do
these interactions simplify dramatically in this regime –
vacuum polarization corrections remaining weak – but
they exhibit a number of novel features (Kostenko &
Thompson 2018, 2019):
Figure 1. Angle-averaged cross section for the scattering
of photons off cold electrons. For a given photon energy ~ω,
the average only includes directions below threshold for pair
conversion. Structure at ~ω > 2mec2 reflects the direction
cosine binning employed in the MC code (Nµ = 2
5 in this
case).
(i) e± + γ → e± + γ. Electron-photon scattering
shows a strong u-channel resonance when the photon
energy approaches the threshold for single-photon pair
creation, ~ω → 2mec2/ sin θ (Figure 1). Photons in this
resonance can also convert directly to a magnetized pair.
In other words, the cross section for scattering-induced
pair creation, γ + e± → γ + e± → e+ + e− + e± is
strongly enhanced (by a factor α−1em in addition to the
resonance effect) compared with an unmagnetized vac-
uum (Kostenko & Thompson 2018).
(ii) e+ + e− → γ + γ. A significant flux of these near-
threshold gamma-rays is produced by the annihilation
of pairs into two photons. There is a strong contrast in
the annihilation process between magnetic fields that are
weaker versus stronger than BQ. Figure 2 shows that in
magnetic fields that are characteristic of ordinary pul-
sars (1012 G) the annihilation energy is approximately
equally divided between the two photons, whereas the
energy is broadly distributed in frequency in magnetic
fields stronger than ∼ 5BQ.
(iii) e+ + e− → γ + γsoft → e+ + e− + γsoft. By
the same token, the two-photon annihilation spectrum
shows an extended low-frequency tail very similar to
that of bremsstrahlung. This feature will be central to
our considerations. In fact, the emission of the soft pho-
ton may be viewed as a correction to the one-photon
4Figure 2. Relative probability that photons of energy ~ω1 and 2γmec2−~ω1 are emitted in the annihilation of a e± pair, which
is confined to the lowest Landau level in a strong magnetic field. (Left panel: linear frequency axis. Right panel: logarithmic,
showing the low-frequency tail.) Red dashed curves: high-B approximation of Kostenko & Thompson (2018). Black curves
show a range of flux densities extending from 10−1.6BQ = 1.1 × 1012 G (most peaked) to 102BQ (least peaked), separated
by 0.3 in log10B. Here γ =
√
2 in the center-of-momentum frame. Black curves are obtained by an extended sum over the
intermediate-state Landau level, using the matrix elements of Daugherty & Bussard (1980).
annihilation of a pair, e+ + e− → γ, which is kinemati-
cally allowed in the presence of the magnetic field. Al-
though one-photon pair annihilation is relatively fast, in
a super-QED magnetic field the photon will almost al-
ways reconvert to a pair before interacting with a second
particle. One-photon annihilation therefore contributes
mainly to e+-e− backscattering (Kostenko & Thomp-
son 2018; Section 4). In fact, when the electron and
positron are at least mildly relativistic, the backscatter-
ing cross section is dominated by the annihilation chan-
nel (s channel), e+ + e− → γ → e+ + e− (Figure 3).
We term this soft-photon emission process – in which
the pair is restored following the annihilation event –
annihilation bremsstrahlung. The corresponding cross
section has a low-frequency logarithmic divergence,
like standard non-magnetic bremsstrahlung, but with
a much larger normalization. The enhancement in the
cross section, by a factor (Kostenko & Thompson 2019;
Equation (2) below)
σ+−(s)
σ+−(t)
∼ 4piγ
4β3
αem(B/BQ)
= 76γ4β3B−115 , (1)
arises from the resonant nature of the s channel in
magnetic e+-e− backscattering, in contrast with the
Bhabha-like momentum scaling of the t-channel con-
tribution to the cross section. (Here γ and β are the
Lorentz factor and speed of the electron and positron in
the center-of-momentum frame.) In other words, the
emission of an additional soft photon involves an ef-
fective coupling ∼ 4pi(BQ/B) as compared with αem
in ordinary bremsstrahlung emission. The soft photon
emissivity is further enhanced by a factor 2 when the s
channel dominates e+-e− backscattering, because a soft
photon line may also be attached to a final-state electron
or positron (Appendix A).
The main conclusion here is that a pair gas with a
narrow momentum distribution will emit an extended,
power-law X-ray spectrum, similar to that observed
above ∼ 10 keV in quiescent magnetars. This arises
from a single QED process, as just described, and with-
out any need to invoke a relativistic spread in e± energy,
or multiple scatterings by warm pairs. The B−1 depen-
dence in Equation (1) plays an important role by weight-
ing the annihilation bremsstrahlung emission away from
the magnetar surface, at a distance where the magnetic
field has dropped to ∼ 5BQ and the low-frequency emis-
sion is reduced (Section 2.1).
(iv) More generally, two-photon annihilation of elec-
trons and positrons divides into three distinct channels,
depending on whether two, one, or no photon exceeds
the threshold for pair conversion:
1. e+ +e− → γ+γ → e+ +e−+e+ +e− (2-p);
2. e+ + e− → γ + γ → γ + e+ + e− (1-γ/1-p);
3. e+ + e− → γ + γ (2-γ).
5Figure 3. Cross section for backscattering of e+ and e−
confined to the lowest Landau level, as a function of the lon-
gitudinal momenta p+ = −p− = ±p, for various magnetic
field strengths. Curves are cut off at the momentum where
excitation into the first excited Landau state becomes kine-
matically allowed. Scattering is dominated by the Bhabha-
like t-channel at p . 0.24B1/315 mec, where the cross section
is independent of B; and by the resonant s-channel at higher
momenta, where the cross section is 1
2
that for single-photon
pair annihilation.
The partial cross sections of these three channels are
compared in Figure 4; they are obtained by integrating
Equation (3) over the relevant parts of the photon phase
space. As a result of the soft-photon divergence, the
cross section of the 1-γ/1-p channel dominates that of
the 2-γ channel, except at low collision speeds.
The emission of two pair-converting photons is
kinematically allowed when γ > 2 in the center-of-
momentum frame of the colliding pair. More generally,
two-photon annihilation is a sink for pairs when they
are cool (sub-relativistic), and a source when they are
relativistically warm.
(v) γ+γ → e+ +e−. The rate at which colliding pho-
tons convert into pairs is enhanced by a factor B/BQ
as compared with an unmagnetized vacuum, as origi-
nally derived by Kozlenkov & Mitrofanov (1986). By
contrast, the annihilation cross section is suppressed by
the inverse of this factor, due to the narrowing of the
e± wavefunction in the directions transverse to an ul-
trastrong magnetic field (Daugherty & Bussard 1980).
(The relation between these scalings is easily derived
by examining detailed balance in a thermal e± plasma.)
Figure 4. Partial cross section for the annihilation of an
electron and positron into a two-photon state in which (i)
one photon immediately converts to a pair (black curve), (ii)
both photons covert to pairs (green curve), (iii) neither pho-
ton is above the pair-conversion threshold (red curve). To-
tal cross section: blue dashed curve. Like bremsstrahlung
emission, channel (i) is logarithmically divergent in the
minimum frequency of the emitted photon; here we take
~ωmin = 10−5mec2. The total cross section for annihila-
tion bremsstrahlung is approximately twice the black curve,
taking into account soft-photon emission by the final-state
pair in the reaction e+ + e− → γ → e+ + e− (Appendix A).
Collisions of soft photons with hard photons just below
the single-photon conversion threshold are kinematically
allowed in a strong magnetic field, and the cross sec-
tion is strongly enhanced compared with the case where
the photons have comparable energies. This cross sec-
tion can be written in a simple, compact form in the
regime of magnetar-strength magnetic fields (Kostenko
& Thompson 2018).
(vi) e+ + e− → e+ + e−. In contrast with Bhabha
scattering (Berestetskii et al. 1971) there is no interfer-
ence between the s-channel and t-channel contributions
to the cross section for e+-e− backscattering, meaning
that the cross section may be written as a discrete sum
(Kostenko & Thompson 2019; Appendix A)
σ+− = σ+−(t) + σ+−(s)
=
pir2e
4β4γ6
+
pi2r2e
βγ2αem(B/BQ)
e−2γ
2BQ/B .
(2)
6This is plotted in Figure 3. The absence of an inter-
ference term is directly related to the existence of the
1-photon annihilation channel: the intermediate-state
photon is a real, not virtual, particle. As described pre-
viously, the s-channel term in σ+− is strongly enhanced
for transrelativistic pairs compared with the Bhabha-
like scattering (t-channel) term. This enhancement is
easily explained by noting that σ+−(s) is essentially the
cross section for single-photon pair annihilation, differ-
ing only by a factor 12 from the expression derived by
Wunner (1979) and Daugherty & Bussard (1980). (Af-
ter the decay photon reconverts to a pair, the e± gain
positive and negative momenta with equal probabilities
but only one sign corrresponds to backscattering.) One
sees in Figure 3 that even transrelativistic e± backscat-
ter strongly through the s-channel when the magnetic
field is ∼ 10−101.5BQ; the t-channel dominates only for
β . 0.24B1/315 in the center-of-momentum frame. The
relatively large value of this cross section implies an en-
hanced collisionality and resistivity within a bulk pair
plasma (Section 4).
2.1. Two-photon Annihilation Spectrum
Figure 5 shows how the soft, flat component of the an-
nihilation spectrum emerges as B rises above BQ. The
two-photon spectrum is concentrated in a line-like fea-
ture at ~ω ∼ mec2 in weaker magnetic fields, and does
not differ substantially from the vacuum decay spec-
trum. When B & 5BQ ∼ 2 × 1014 G there is excellent
agreement of the full cross section and the simple result
of Kostenko & Thompson (2018), given in Equation (3)
below, which was derived in the regime 10α−1emBQ 
B  BQ. The full cross section is computed by per-
forming an extended sum over the intermediate-state e±
Landau level using the matrix elements of Daugherty &
Bussard (1980).
The distribution of photons emitted in the center-of-
momentum frame with direction cosines µ1 = cos θ1,
µ2 = −µ1ω1/ω2 and frequencies ~ω1 = 2γmec2µ2/(µ2−
µ1), ~ω2 = 2γmec2 − ~ω1, is obtained from
d2σann
dµ1dµ2
=
2pir2e
B/BQ
β
γ2
|µ1 − µ2|(1− µ21)(1− µ22)
|µ1µ2|[(1− µ1µ2)2 − β2(µ1 − µ2)2]2 .
(3)
Following the treatment in Kostenko & Thompson
(2018), we set to unity the angle-dependent vertex fac-
tors e−(~ω/mec
2)2(1−µ2)BQ/2B associated with emission
or absorption of a photon of frequency ω and direc-
tion cosine µ. (Even in the case of a photon near the
threshold for pair conversion, these do not introduce
a significant correction in a super-QED magnetic field,
and their omission greatly facilitates the construction of
probability arrays in the MC code.)
Converting one direction cosine to the frequency of an
outgoing photon and integrating over the second direc-
tion, we find in the soft-photon regime (ω1  ω2)
2β · ω1 dσann
dω1
=
8pir2e
γ2B/BQ
{(
β + β−1
)
ln[γ(1 + β)]− 1}
≡ 8pir
2
e
B/BQ
f(β). (4)
The full emission spectrum resulting from two-photon
annihilation is shown in Figure 6, along with the low-
frequency approximation (4). The left panel shows the
1-γ/1-p channel in isolation, which is seen to dominate
the low-frequency component, but cuts off at an energy
~ω1 = 2(γ − 1)mec2. For a given emission direction µ1,
the boundary between the 1-γ/1-p and 2-γ final states
lies at (Kostenko & Thompson 2018)
|µ2|
µ1
<
γ
√
1 + (γβµ1)2 − 1
1 + γ2µ21
(one pair produced);
(5)
whereas the threshold of the two-pair final state is (when
γ > 2)
|µ2|
µ1
>
1
γ
√
1− µ21 − 1
; µ1 <
√
1− 4
γ2
. (6)
As described above and in Appendix A, the emis-
sion of a soft photon in combination with a hard, pair-
converting photon can be viewed as a soft-photon correc-
tion to e+-e− backscattering in the s channel. The total
emission spectrum produced by e+-e− collisions includes
soft photons that are emitted by the final-state pair. In
the MC code, this contribution is approximated as the
1-γ/1-p emission spectrum in the left panel of Figure 6,
which is exact in the soft-photon limit. In other words,
the total emission spectrum is taken to be the sum of
the right and left panels of Figure 6:
d2σem
dµ1dω1
=
d2σann
dµ1dω1
∣∣∣∣
ω1<ωth(µ1)
+
d2σann
dµ1dω1
∣∣∣∣
ω1<ωth(µ1), ω2>ωth(µ1)
. (7)
(Here ωth = 2mec
2/ sin θ.) The first term is identical
to the second when one photon is emitted above the
threshold for pair conversion. In other words, the hard
X-ray output of a trans-relativistic pair gas is twice that
expected from the two-photon decay cross section (3).
The total cross section for soft-photon emission is, to
logarithmic accuracy,
2σann(1γ/1p) =
16pir2e
B/BQ
f(β)
2β
ln
(
ωmax
ωmin
)
. (8)
7Figure 5. Black curves: differential cross section for production of a photon of frequency ω1 and direction cosine µ1 = cos θ1
(measured with respect to B) during the two-photon annihilation of an electron and positron from the lowest Landau level
and with longitudinal momenta p = ±mec. Left panel: µ1 = 0; right panel: µ1 = 0.95. Dashed red curve: the strong-B
approximation of Kostenko & Thompson (2018). Black curves: full result using matrix elements of Daugherty & Bussard
(1980), for a range of magnetic fields extending from 10−1BQ = 4.4 × 1012 G (lowest) to 102BQ (highest), separated by 0.3
in log10B. The decay energy is shared roughly equally between the two photons when B . 0.1BQ, corresponding to a narrow
peak in the annihilation spectrum, as expected in a vacuum annihilation. A low-frequency tail develops rapidly as B rises above
BQ. Third panel: expanded view demonstrating that the strong-B approximation is accurate to better than a factor 2 when
B & 5BQ.
8Figure 6. Frequency distribution of photons produced by
the annihilation of an electron and positron with longitudinal
momenta ±p, with p/mec = 10−1,−0.9,−0.8,...0,0.1 (bottom to
top black curves). Red dotted curves mark the low-frequency
analytic approximation (4) to the differential cross section.
Top panel: result restricted to the channel with one final-
state photon below pair-creation threshold. Bottom panel:
the full distribution with one or both of the final-state pho-
tons below threshold.
Here, ωmin and ωmax ∼ 2(γ−1)mec2/~ are the minimum
and maximum emitted frequencies in the 1-γ/1-p chan-
nel. The function f(β), defined in Equation (4), has the
low-velocity asymptote f(β)→ 4β2/3.
In this paper, we neglect the emission of soft pho-
tons associated with e+-e− backscattering in the t chan-
nel – the process most closely analogous to standard
bremsstrahlung – since we are focused on pair plasmas
warm enough for the e+-e− cross section to be dom-
inated by the annihilation channel. (The soft-photon
spectrum associated with each channel is proportional
to the scattering cross section – see Equation (A3) in
Appendix A and the surrounding discussion.)
3. MONTE CARLO METHOD
We have developed a MC code that describes the
emission, scattering, and re-absorption of X-rays and
gamma-rays by a transrelativistic e± cloud. Emission is
by two-photon annihilation, including both the 1-γ/1-p
and 2-γ final states, using the prescription of Equation
(7). Soft-photon emission through the t-channel (which
is closely analogous to ordinary bremsstrahlung) is sub-
dominant for the e± energies considered (β & 0.1), and
is ignored.
The plasma is embedded in an ultra-strong magnetic
field and has a cartesian, slab geometry, with the mag-
netic field running parallel to the slab. It is described
by three parameters: (i) the magnetic flux density B,
(ii) the total column density N± = N+ + N− = 2N−
across the slab (normalized by the dimensionless param-
eter N±pir2e , where re = e
2/mec
2 is the classical electron
radius), and (iii) the thermal velocity of the pairs, which
is restricted to a single cartesian direction (parallel to
B) and for ease of computation is taken to be ±βcBˆ for
both electrons and positrons. The drift speed that sup-
ports the current is expected to be a small fraction of β
(Section 4), and so any directional imbalance is ignored.
Scattering of photons off e± is described by the strong-
B cross section derived in Kostenko & Thompson (2018)
(Equations (27) and (28)). We allow both for scattering
into non-pair converting and pair-converting final states
(~ω </> 2mec2/ sin θ), with the latter outcome imply-
ing immediate absorption of the photon. Finally, two-
photon pair creation is handled in a two-step process, by
(i) summing the occupancies of successive propagating
and scattering photons in the ω-µ space, and (ii) con-
structing from this two-parameter density distribution
an absorption coefficient for each ω-µ bin using the γ-γ
collision cross section of Kostenko & Thompson (2018).
We now describe each step in the MC procedure in
more detail. Direction cosine µ1 of the emitted photon
is divided typically into Nµ = 2
5 bins uniformly spaced
9between −1 and 1, with µ1 evaluated at the bin center.
In contrast with non-magnetic MC scattering codes, it
is necessary to adopt a µ-dependent frequency binning,
since the scattering cross section peaks strongly just be-
low the single-photon pair conversion threshold, which
depends on propagation angle (Figure 1). We choose
(for 1 ≤ i < Nω ∼ 210 and 1 ≤ j ≤ Nµ)
ω1,i(µ1,j)
ωmin
=
e(i−1)δ
1 + [ωmin/ω1,max(µ1,j)][e(i−1)δ − 1] , (9)
where ωmin is a low cutoff frequency and
~ω1,max(µ1) = min
[
2γmec
2
(1 + µ1)
,
2mec
2
(1− µ21)1/2
]
. (10)
Here ω1,i(µ1,j) is the lower boundary of the i
th frequency
bin in the jth µ1 bin.
Emission. As a first step, a cumulative probability dis-
tribution is constructed for the frequency of the emitted
photon in each µ1 bin, which can be done by a (some-
what cumbersome) analytic integration of the differen-
tial cross section defined in Equation (7),
P2(µ1, ω1) =
1
dσem/dµ1(µ1)
∫ ω1
ωmin
dω′1
d2σem
dµ1dω′1
, (11)
where
dσem
dµ1
(µ1) ≡ dP1
dµ1
(µ1) · σem =
∫ ω1,max(µ1)
ωmin
dω′1
d2σem
dµ1dω′1
.
(12)
Here σem is the sum of the total cross section for the
combined 1-γ/1-p and 2-γ channels, and the cross sec-
tion for the 1-γ/1-p channel alone (see Equation (7)).
The cumulative µ1 probability distribution P1(µ1,j)
must be evaluated by a numerical integration of P2 over
µ1 bins.
A photon is initiated first by drawing a random num-
ber and using the function P1 to determine from this the
bin-centered value of µ1. Then a second random number
is drawn to determine the bin-centered frequency, using
the function P2.
Scattering. At low photon frequencies, scattering off
e± is well approximated by the classical cross section
dσes/dµ2 = 2pir
2
e(1 − µ21)(1 − µ22), where now labels 1
and 2 represents the incident and scattered photons.
However, the cross section rises dramatically as ω1 ap-
proaches the single-photon pair conversion threshold,
due to a u-channel resonance between the incident elec-
tron, a virtual positron, and the final-state photon. Fig-
ure 1 shows the angle-averaged cross section for a photon
as a function of incident frequency. The concentration
of the two-photon annihilation energy in a single pho-
ton gives this resonance an important effect on radiative
energy escape from the pair plasma.
Scattering is handled in an analogous manner to
emission, in two steps. (i) A probability distribution
P scatt1 (i, j, µ2) is constructed for the final direction co-
sine µ2 in each ω1-µ1 bin of the incident photon (la-
belled (i, j)). This distribution describes scattering in
the rest frame of the e±, and is obtained from the cross
section presented in Kostenko & Thompson 2018. (ii)
The total scattering cross section is obtained by numer-
ical integration in each ω1-µ1 bin. Since the momen-
tum distribution of the e± is assumed to be peaked
at ±p ≡ ±γβmec, this cross section must be evalu-
ated only for two pairs of direction cosine and frequency
(µ1,r, ω1,r)
±, each Lorentz boosted to the charge rest
frame. A scattering event is determined first by evalu-
ating the two scattering depths along the photon ray to
the edge of the scattering box,
τ±es(µ1, ω1) =
n±
2
∆l
|µ1| (1∓ βµ1)σes(µ
±
1,r, ω
±
1,r). (13)
Here n± = n++n− is the total space density of electrons
and positrons. This procedure is repeated separately for
final states in which the photon is, or is not, above the
threshold for pair conversion. Drawing a single random
number allows us to determine, first, which if any of
these four scattering channels is activated and then, if
one is, the length along the ray at which the scattering
takes place. A second random number then determines
the bin-centered direction cosine of the outgoing photon
in the initial e± rest frame. A final Lorentz boost gives
the outgoing direction cosine and frequency in the ‘lab’
frame.
The photon frequency is determined by exact energy
conservation during these successive boosts, with only
the direction cosine discrete. As a result, it is possible
for a photon that is below the pair-conversion threshold
in one frame to exceed it in another frame. The fine-
ness of the chosen frequency binning near the conversion
threshold allows such events to remain rare (less than a
percent of scattering-induced pair conversion events are
such spurious events).
The frequency and direction cosine are recorded when
a photon escapes the scattering box, and its energy is
counted as a loss to the pair gas. By contrast, its energy
is assumed to be returned to the gas following an internal
conversion event.
Photon-photon collisions. The most challenging pro-
cess to model is two-photon pair conversion, γ + γ →
e+ + e−. One requires a binned density field for the tar-
get photons, which can be built up during successive MC
steps. Furthermore, the magnetized cross section is very
large when one of the colliding photons has a low energy
(Kozlenkov & Mitrofanov 1986; Kostenko & Thompson
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2019), and we follow photons over a wide range (∼ 104)
in frequency. We first inject a small fraction (∼ 2−10)
of the total number (∼ 230) of photons and follow them
without this opacity source. The resulting photon den-
sity field is used to evaluate the next batch of photons,
now with the γ-γ opacity strongly suppressed. The sup-
pression factor is gradually relaxed over ∼ 20 steps of
the same size, yielding a calibrated opacity that is used
for the remaining trials.
The normalization of the photon density field proceeds
as follows. A density n± of pairs results in a volumetric
emission rate1
n˙γ = 2βc [2σann(1γ/1p) + 2σann(2γ)]
n2±
8
. (14)
The last factor in this expression counts collisions of
left-moving e+ with right-moving e−, and vice versa.
A photon traversing a ray of length ∆l has an implied
density
∆nγ
n±
=
∆l
L
βτT
σann(1γ/1p) + σann(2γ)
2σT
, (15)
where τT = σTN± = σTn±L is the Thomson depth
across the plasma slab (of width L). Normalizing the
photon density to the pair density in this way allows us
to construct a γ-γ optical depth that is proportional to
the scattering depth. The strong-field limit for the pho-
ton collision cross section σγγ is used (see Equation (7)
in Kostenko & Thompson 2019, Erratum). Construct-
ing the opacity involves a sum over the (bin-centered)
direction cosine and frequency of the target photon,
κγγ(µ1, ω1) =
∑
i,j
σγγ(µ1, ω1, µ2,j , ω2,i)
∆nγ(i, j)
Nann
. (16)
Here, the array ∆nγ is summed over all injected pho-
tons and then divided by the implied number of an-
nihilations, Nann = Nγ [2σann(1γ/1p) + σann(2γ) +
σann(2p)]/[2σann(1γ/1p) + 2σann(2γ)].
The decision whether a given photon will scatter of an
e± (moving with either positive or negative momentum)
into a state that is either above or below threshold for
pair conversion, or instead will collide with another pho-
ton, involves a choice between 5 outcomes. (We do not
distinguish between photon collisions involving different
summed photon energy, since in all cases the photon
energy is returned to the pair gas.) Each of these out-
comes has a probability κi per unit length, 1 ≤ i ≤ 5.
1 The factor of 2 multiplying σann(1γ/1p) counts soft pho-
tons emitted by final-state e± in the annihilation channel of e±
backscattering (Appendix A); the factor 2 multiplying σann(2γ)
counts the emission of two photons below the pair-conversion
threshold.
J
Figure 7. Sheared magnetic arcade loaded with transrela-
tivistic e± and anchored at both ends within the magnetar
crust. Localized plastic flow along a fault-like feature drives
the magnetospheric current, as seen in the global simulations
of Thompson et al. (2017).
The drawing of a single random number R allows us to
decide, in two steps, which if any of the 5 processes is
activated. The first step involves finding the process i
for whichR ⊂ (Pi−1, Pi), where Pi =
∑i
j=1 κj/
∑5
j=1 κj
and P0 = 0. In the second step, we compute the scat-
tering/absorption probability 1 − e−κil for process i in
isolation, where l is the ray path length to the plasma
edge. If 1 − e−κil > (R − Pi−1)/(Pi − Pi−1), then the
scattering/absorption event occurs; otherwise, the pho-
ton leaves the box and its frequency and direction co-
sine are recorded. If a pair conversion of the photon is
triggered, then its propagation is terminated; otherwise,
the preceding step is repeated, using the updated en-
ergy, direction cosine, and starting position (scattering
coordinate) of the photon.
Finally, we noted that a certain number of two-pair
annihilation events is implied for each batch of injected
photons. These events are not followed in the MC but
they are compared as a net source of pairs with the
scattering-assisted and two-photon channels (Section 5).
4. CURRENT FLOW AND OHMIC HEATING
The e± plasma considered here is cool enough to re-
main confined to the lowest Landau state in a super-
QED magnetic field. The MC results presented in Sec-
tion 5 reveal that the competition between internal pair
creation and annihilation pushes the thermal momen-
tum to a transrelativistic value p ∼ ±(0.5− 1)mec. The
magnetic field is assumed to be sheared or twisted (Fig-
ure 7). The current system is nearly force-free, given
the low plasma kinetic pressure, and supports a current
density J flowing nearly parallel to B.
We will demonstrate (Section 5.2) that the base-
line collisional heating of the current-carrying plasma
(driven by e+-e− backscattering) can be compensated
by radiative cooling, but only if the e± density is 10-20
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Figure 8. Drude electrical conductivity of a pair plasma
embedded in a magnetic field B = 10BQ, as a function of
the thermal momentum. (Distribution function peaked at
±p, as assumed in the MC code.)
times the minimum n±,min = |J |/βec that will support
the current. Then the differential e+-e− drift speed is
much smaller than βc = p/γme, and a symmetric mo-
mentum distribution is a reasonable first approximation
for modelling the radiative emissions.
The strength of the magnetic shear is characterized
by a scattering depth τT,min associated with the mini-
mum pair density n±,min. Writing J = cB/4pilshear and
taking into account that J/B ∼ constant in a force-free
magnetic field, the shear scale lshear = B/|∇×B| is also
a constant along a sheared magnetic flux bundle. The
scattering depth is normalized as
τT,min =
R
2
σTn±,min(R) ∼ R
3lshear
αem
β
B(R)
BQ
, (17)
where R is the stellar radius. As defined, τT,min co-
incides with the magnetic field-aligned integral from
the magnetar surface to the top of the flux bundle,∫ l(Rmax)
0
σTn±(l)dl, when the field is nearly radial at the
magnetar surface and extends to a radius Rmax & 3R/2.
We will compare this with the depth through the mag-
netospheric plasma, normalized similarly as
τT(R) ' 1
2
σTn±(R)R. (18)
The quantity τT,min can approach or exceed unity
when the surface magnetic field B(R) ∼ 1015 G and
the shear scale is small (< R/2). In fact, the shear
Figure 9. Ohmic heating rate integrated over the volume
of a closed magnetic flux bundle, per unit area of a single
footpoint, as a function of the thermal momentum of the
embedded e±. Surface magnetic field B(R) = 10BQ. The
ohmic heating is nearly uniform per unit length of the loop,
except for p approaching the upper range plotted. Red dot-
ted curve: approximation given in Equation (21). Following
the analytic treatment of ohmic dissipation in the text, we
have approximated the exponential factor in σ+−(s) as unity.
pattern in an active plastic deformation zone (Figure
7) may not be smooth, being composed of modes with
a small amplitude δB  B but a high wavenumber
k⊥  (km)−1, producing a high absolute current den-
sity B(R)/lshear → |k⊥δB(R)|. The plasma equilibrium
described here depends on the magnitude of the current,
not its sign.
The Drude conductivity of the e± plasma is (Figure
8)
σcond =
e2
βγ3mecσ+−
. (19)
Here, as in the MC code, we adopt a characteristic
thermal momentum; the inverse factor of γ3 represents
the longitudinal relativistic mass. The normalization of
σcond takes into account that e
+ can only backscatter
off e− in a one-dimensional plasma. Mutual scatterings
between electrons and electrons, or between positrons
and positrons, do not change the distribution function
in a one-dimensional plasma.
The ohmic heating rate per unit volume is
u˙ohm =
J2‖
σcond
= 4(βγ)3τ2T,min
σ+−
σT
mec
3
σTR2
[
n±(r)
n±(R)
]2
.
(20)
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The total dissipation rate depends on the density profile
n±(r). In the absence of collisions, n±(r) ∝ B(r) given
that the pairs are confined to the lowest Landau level
but warm enough to overcome the strong surface grav-
ity of the magnetar. Here, we are considering the oppo-
site, strongly collisional regime. Although the pressure
gradient in a collisional plasma acts to reduce a den-
sity gradient, the collisions here are are dominated by
pair annihilation. The density distribution then is de-
termined by local energy and annihilation equilibrium,
not by a force balance in the direction parallel to B. We
show in Section 5.2 that this equilibrium corresponds to
n±(r) ∝ n±,min(r) ∝ B(r), the same scaling as in the
collisionless case.
An analytic approximation to the volume integral of
u˙ohm is now available. Substituting σ± = σ±(s) ∝ B−1
(neglecting the exponential factor in Equation (2)) and
integrating over the volume of a flux bundle of cross-
sectional area A⊥(r) = A⊥(R)B(R)/B(r), we find that
the ohmic energy input is approximately uniform per
unit length of the bundle. Normalizing the dissipated
power to the surface cross sectional area A⊥(R) of the
bundle, we obtain (Figure 9)
E˙ohm
A⊥(R)
' l · u˙ohm(R)
= 1.1× 1024β2γ
(
l
R
)
τ2T,min
R6B(R)15
. (21)
Here l is the length of the bundle.
Note that this result does not depend explicitly on
the magnetospheric pair density n±, but instead on the
minimum density needed to supply the current. The
heating rate in Equation (21) is only a lower limit as it
represents the effects of collisional resistivity.
4.1. Anomalous Resistivity in the Electron-Ion
Atmosphere
A promising site for the excitation of plasma turbu-
lence is the transition layer separating the magneto-
sphere from the much thinner magnetar atmosphere,
which is dominated by electrons and ions. Here, the
ion (proton) density rises above the magnetospheric
positron density. We now consider the stability of the
current-carrying plasma in this layer, for two reasons.
First, it is a promising source of coherent plasma emis-
sion in the optical-IR band (Section 6). And, second,
scattering off the turbulence may slow down the drift
rate of positrons into the atmosphere.
The atmosphere supports ion acoustic modes with a
characteristic speed(ω
k
)2
= c2s
(
Te,
n+
np
)
=
ω2Pi
ω2Pe + ω
2
P±
Te
me
=
Te
mp
(
1 +
2n+
np
)−1
(22)
and frequency ω . ωPi. Here we include the screening
effects of both the neutralizing electrons and downward-
drifting pairs, with ωPx = (4pinxe
2/mx)
1/2 representing
the plasma frequency of species x. We also assume that
the electrons are heated collisionlessly to Te ∼ β2mec2
at the top of the atmosphere (as appropriate for a one-
dimensional plasma). The ion sound speed is reduced
compared with the pair-free result, but the mode is
weakly damped only as long as Te/Tp > 1 + 2n+/np.
Ion acoustic modes are linearly unstable when the
electron drift speed through the atmosphere exceeds cs
and when the ion temperature Tp  Te (e.g. Kulsrud
2005),
βdr =
n±,min(R)
ne + n±
β =
n±,min(R)
np + 2n+
β >
cs
c
. (23)
This condition is easily satisfied even in the upper ion-
dominated atmosphere, where np > n+ = n±/2. Esti-
mating β ∼ 0.6, Te ∼ 0.4mec2 (a characteristic result
for the equilibrium magnetospheric temperature; Sec-
tion 5), we find cs/c ∼ 0.015. The ion acoustic mode is
unstable as long as
np < 40n±,min(R) ∼ 6n+(R). (24)
An essential point here is that ion acoustic turbu-
lence does not feed back on the magnitude of the cur-
rent, which is imposed by the rigid background mag-
netic shear. This means that the unstable mode must
grow either until limited by nonlinear damping, or until
the ions are sufficiently heated that the mode is linearly
damped. Ion heating is, however, limited by mutual
Coulomb scattering into higher Landau states, followed
by rapid radiative deexcitation. Assuming cool ions,
there is a powerful continuing exchange of energy be-
tween particles and waves. The scattering time of e± off
modes of frequency ω cannot be shorter than τ ∼ ω−1.
Hence the heating rate due to anomalous resistivity is
bounded above by
u˙anom ∼
J2‖
σanom
<
(
n±,min
n±
)2
· n±mec2β2γ3ω. (25)
The heating rate per unit area is obtained by inte-
grating u˙anom over the scale height h = (Te/mpg)(1 +
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2n+/np) of the transition layer (here g is surface grav-
ity). The maximal value of this heat flux exceeds the
kinetic energy flux of downward-moving pairs, which is
1
4n±(R)me(βc)
3 in a non-relativistic approximation, by
some four orders of magnitude. If we adjust the scatter-
ing time τ so that these two quantities are comparable,
then
τ ∼ 4 h
βc
(
βdr
β
)2
. (26)
The diffusion coefficient of pairs moving parallel to B
through the transition layer is D ∼ (βc)2τ . Given that
the positron density at the base of the layer is much
smaller than the magnetospheric density n+(R), due to
rapid annihilations with atmospheric electrons, there is
a downward diffusive flux of positrons. This downward
flux is suppressed compared with the first estimate F =
1
2n+(R)βc,
F ∼ D
h
n+(R) =
1
2
n+(R)βc · 8
(
βdr
β
)2
. (27)
The suppression factor is smaller than 0.1 for βdr <
0.1β. The annihilation rate of pairs in the atmosphere
may therefore be substantially reduced.
There is a useful contrast here with the relativistic
double layer model of Beloborodov & Thompson (2007).
There the downward-moving electrons or positrons have
relativistic energies, γ ∼ 103, and would not be easily
repelled by a turbulent transition layer.
5. PHOTON EMISSION AND PAIR EQUILIBRIUM
We now consider the radiative emission from a pair-
loaded and current-carrying magnetic flux bundle an-
chored in the crust of a magnetar, and the correspond-
ing evolution of the temperature and density of the
pair plasma. We start with an analytic estimate of the
volume-integrated photon luminosity sourced by e+-e−
annihilation. This is then compared with the thermal
radiative flux driven by the annihilation of positrons on
the stellar surface and with the ohmic heating rate de-
rived in Section 4. The equilibrium state in which radia-
tive cooling balances collisional heating is shown to have
a much larger pair density than the minimum needed to
supply the magnetospheric current.
In the second part of this Section, we present results
of the MC simulations of the escaping annihilation ra-
diation and pair creation within the plasma, for a range
of scattering depths and thermal speeds. We then show
that the equilibrium state so described is stable.
5.1. Luminosity
Consider the annihilation-driven photon emission
from a slender, closed magnetic arcade (Figure 7). We
start with the cross section (7) for photon emission by
pair annihilation, using the soft-photon approximation
implied by Equation (4). The MC results show that, to
a good approximation, the escaping photon spectrum
has this flat slope up to a maximum energy ~ω ∼ mec2.
Hence, the energy release per unit volume and time is
du˙ann
d lnω
= 2βc · 2~ωdσann
d lnω
· n
2
±
8
=~ω
2pir2ec
B/BQ
f(β)n2±, (28)
where f(β) is defined in Equation (4). (A typical value
is f(0.6) = 0.36.) Integrating over volume, the emission
is constant per unit length of the arcade for the same
reason that the ohmic heat input is constant, and
1
2A⊥(R)
dE˙ann
d lnω
' l
2
· du˙ann
d lnω
∣∣∣∣
R
=
3~ω
2B(R)/BQ
τ2T(R)c
σTR
(
l
R
)
f(β).
(29)
Here we have substituted for the optical depth (18) along
the active flux bundle. The factor 12 on the left-hand
side counts the area of both magnetic footpoints. In
this case, l is not the total length of the arcade, but
the length of that portion with magnetic flux density
exceeding B ∼ 5BQ. Numerically,
1
2A⊥(R)
dE˙ann
d lnω
= 0.5× 1023 τ
2
T(R)1
R6B(R)15
×
(
~ω
100 keV
)(
l
R
)
f(β) erg cm−2 s−1.
(30)
A quasi-thermal (black body) component of the spec-
trum will be sourced by the impact and annihilation of
pairs on the magnetar surface, and is modeled in de-
tail by Kostenko (2020). We can compare this with the
volumetric output in Equation (29), given that the con-
version efficiency of annihilation energy to black body
photons is εbb ∼ 0.2 − 0.3 when the pairs are tran-
srelativistic and annihilate at a shallow depth in the
atmosphere. The main uncertainty here is the flux of
positrons passing through the transition layer between
the ion-dominated atmosphere and the pair-dominated
magnetosphere. The downward flux is 12βc n+(R) in the
absence of ion-acoustic turbulence, but is plausibly re-
duced by an order of magnitude by turbulent scattering
(Section 4.1).
14
Normalized to the area of the heated surface, the total
black body luminosity δE˙bb is given by
E˙bb
2A⊥(R)
= εbb · βn+(R)
2
2mec
3
= εbb · βτT(R)mec
3
σTR
. (31)
Numerically,
E˙bb
2A⊥(R)
= 0.9× 1023 β
( εbb
0.25
) τT(R)1
R6
erg cm−2 s−1.
(32)
Comparing this with Equation (29) shows that the out-
put at 100 keV competes with the O-mode black-body
peak when τT(R) & 10(εbb/0.25)−1.
To obtain the total hard X-ray and black body lu-
minosity of a magnetar, the ‘fluxes’ in Equations (29)
and (31) must be multiplied by the total cross section
2A⊥(R) of the active flux bundle at the magnetar sur-
face. The relative strength of these two components is
independent of the shape of the magnetic arcade, e.g.,
whether it has a locally circular cross section, or a sheet-
like shape as in Figure 7. One obtains ∼ 1035 erg s−1
when τT(R) ∼ 10 and the heated area is ∼ 1012 cm2,
about 10 percent of the surface area of a neutron star.
5.2. Equilibrium Scattering Depth
The hard X-ray output in Equation (29) is able to
compensate the collisional dissipation in Equation (21)
only if the magnetospheric pair density is much greater
than the minimum needed to supply the current. This
result is independent of the surface magnetic field:
τT
τT,min
=
(
pi
2αem
)1/2(~ωmax
mec2
)−1/2
βγ1/2
f(β)1/2
= 15
(
~ωmax
mec2
)−1/2
βγ1/2
f(β)1/2
. (33)
Here we approximate the escaping luminosity in terms of
the flat emitted spectrum given by Equation (29) up to
a maximum frequency ~ωmax ∼ mec2. (The numerical
results for the emitted spectrum presented in Section 5.4
show this to be a good approximation.)
An even greater pair density and optical depth is re-
quired to balance resistive heating when the resistivity
is enhanced by a collective instability of the plasma.
We conclude that a trans-relativistic and collisional
state is available to the inner parts of the magnetar
magnetosphere. In energy equilibrium, the plasma is
dense enough to support the current with a drift speed
much smaller than the e± thermal speed, βdr/β . 0.1.
Given that the e± backscattering cross section is σ+− ∼
7B−115 (p/mec)
−1σT for 0.3B
1/3
15 mec . p . mec (Figure
3), collisionality is maintained for
τT,min & (0.02− 0.03)B15. (34)
This evaluation of the equilibrium pair density as-
sumes that annihilation in the magnetosphere is faster
than the annihilation of positrons impacting the mag-
netar surface. To show that this is the case, we inte-
grate the volumetric annihilation rate into two photons,
both below the pair conversion threshold, n˙ann(2γ) =
2βc σann(2γ)n
2
±/8, where σann(2γ) ' 1.7(BQ/B)σT
(Figure 4). As before, this is distributed uniformly
along the active flux bundle,
N˙mag =
∫
n˙ann(2γ)dV
' 1.7β
B(R)/BQ
τ2T(R)c
σTR
(
l
R
)
A⊥(R). (35)
The surface annihilation rate at both end of the flux
bundle is N˙surf = ε
′
ann βc · 12n+(R) ·2A⊥(R). We assume
that a downward-moving positron annihilates a fraction
ε′ann of the time, rather than backscattering. Comparing
with the volumetric annihilation rate, one finds
N˙mag
N˙surf
=
1.5
(ε′ann/0.5)
τT(R)1
B(R)15
(
l
R
)
. (36)
When this ratio is larger than unity, pair creation and
annihilation in the magnetosphere can be treated in lo-
cal competition. However, when N˙mag falls below N˙surf ,
the collisional equilibrium state for the pair plasma be-
comes inconsistent. Alternative states include a more
dilute, transrelativistic plasma sourced nonlocally by
photon collisions (Section 8.2), or the relativistic dou-
ble layer found by Beloborodov & Thompson (2007).
5.3. Pair Creation: Numerical Results
Here and in Section 5.4 we present results obtained
from the MC code that was described in Section 3. The
relative rates of various channels for pair creation and
destruction are shown in Figure 10, all normalized to
the total annihilation rate
n˙ann = 2βc
[
σann(2γ) + σann(1γ/1p) + σann(2p)
]n2±
8
.
(37)
This comparison is made for a range of scattering depths
through the pair plasma (N±pir2e = 10
−4 − 10) and
a range of thermal momenta p (extending from p =
0.1mec to the threshold for scattering into the first ex-
cited Landau level, (2B/BQ)
1/2mec). The red points
show the primary pair sink through annihilation into
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Figure 10. Yield of pairs in a magnetized pair plasma (B = 10BQ) versus thermal momenta ±p, normalized by the total
number of two-photon annihilation events (including all final states). Black, blue, green points show processes with positive
yield; red with negative yield. From upper left to lower right: N±pir2e = 10
−4, 0.02, 0.1, 0.4, 2, 10. Black points: a photon
scatters off an electron or positron into a state that converts directly to a magnetized pair, γ + e± → γ + e± → e+ + e− + e±.
Blue points: pair creation by photon collisions, γ + γ → e+ + e−. Green points: annihilation of a pair into two photons, each
of which is above threshold for direct pair conversion, e+e− → γ + γ → e+ + e− + e+ + e−. Red points: annihilation into two
photons, neither of which is above the threshold for direct pair conversion.
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Figure 11. Black curves: mean energy released (in the
form of escaping photons) per two-photon annihilation event
in the magnetospheric plasma. Orange curves: a fraction of
the total energy of each annihilating pair. From bottom to
top (on the left): N±pir2e = 10
−4, 0.02, 0.1, 0.4, 2, 10.
two photons, both of which are below the pair conver-
sion threshold.
The dominant source of pairs is photon collisions (blue
points in Figure 10), which grows in strength with the
scattering depth across the plasma. That is because (at
low to moderate scattering depth) the density of photons
scales as nγ ∝ n2±σann ∝ τ2T/B. The optical depth to
photon collisions is proportional to nγσγγ ∝ nγ B ∝
τ2TB
0. Results are shown for a magnetic field 10BQ, but
this scaling argument shows that they are only weakly
dependent on B as long as B & 5BQ and our large-B
approximation to the annihilation spectrum is valid.
The rates of pair creation and annihilation are shown
to cross at p > mec when the scattering depth is small,
settling down to p ∼ (0.5−1)mec when N±pir2e & 1. Pair
creation occurs at a higher rate for thermal momenta
above this bound, implying a reduction in the mean en-
ergy per charge in the absence of radiative losses.
Tracking the absorption and scattering of successive
photons allows us to evaluate the radiative energy loss
per annihilation event, show in Figure 11. This allows
us to refine the calculation of the balance between ohmic
heating in Equation (33), as shown in Figure 12. The
equilibrium scattering depth is about 10 times the mini-
mum value τT,min that will support the current, in agree-
ment with the analytic estimate in Equation (33).
Figure 12. Pair density within a pair-loaded, current-
carrying magnetic flux bundle which is in a state of balance
between collisional heating and radiative cooling. This equi-
librium implies a particular ratio between n± and the density
corresponding a marginally charge-starved state (n±,min =
|J |/βec), which varies mildly with the thermal momentum
of the pairs. Below this optical depth, ohmic heating over-
whelms radiative energy loss, raising the temperature of the
pairs. According to Figure 10, this then forces an excess
of internal pair creation over annihilation. The equilibrium
state corresponds to a balance both between heating and
cooling, and pair creation and annihilation.
5.4. Hard X-ray Spectrum: Numerical Results
The spectrum of photons escaping from a pair-loaded
magnetic arcade is compared with the input spectrum
sourced by two-photon annihilation in Figure 13. For
ease of comparison, the source spectrum is plotted as
the differential emission cross section, and the output
spectrum is also converted to an effective cross section.
The source spectrum (black curves) is strongly peaked
near the kinematic limit ~ωmax = 2γmec2. In general, in
the hard X-ray band (as probed e.g. by RXTE, NuStar
and Suzaku measurements) the output spectrum closely
aligns with the input spectrum.
The hard photons are mainly absorbed by photon col-
lisions (compare the blue and black points in Figure 10).
At lower thermal momenta (left panels of Figure 13), the
increased absorption seen at larger scattering depth is
due to the increased photon source density and photon-
photon opacity. At higher thermal momenta (right pan-
els), the output spectrum is also modified by scattering
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Figure 13. Sample of output spectra (red and orange curves) for the models with transverse scattering depth N±pir2e = 2 and
10 and a range of e± thermal momenta p/mec. Black curves show for comparison the emission spectrum before the effects of
scattering and photon collisions are taken into account, as given by Equation (7). The main peak is produced by two-photon
annihilation and the secondary peak (in the panel on the left) by soft-photon emission by final-state e± during s-channel
scattering. For convenience, both input and output spectra are plotted in terms of an effective emission cross section. Fine
structure above ~ω ∼ mec2 in the highest-p emission spectrum reflects the µ-binning in the MC code.
off e±, thereby maintaining a characteristic output spec-
trum around ~ω & mec2.
Scattering drives an upward flux of photons in fre-
quency space, but this flux is uniform in frequency when
(i) the spectrum has the slope dnγ/d lnω ∼ constant
(as is the case here) and (ii) the scattering cross sec-
tion is frequency-independent (Kompaneets 1957). The
source spectrum below the peak is preserved by scatter-
ing due to the vanishing divergence of the photon flux in
frequency space, and also because photons upscattered
to ~ω ∼ mec2 are converted back to pairs, instead of
accumulating near the thermal peak. (In detailed bal-
ance, the ratio of pairs to gamma rays near the peak is
n±/nγ ∼ σγγ/σann ∼ (B/BQ)2.)
5.5. Relaxation to Energy and Annihilation
Equilibrium
Now let us consider how a dense, quasi-thermal pair
plasma relaxes to both energy and annihilation equilib-
rium within a magnetic arcade carrying a strong cur-
rent, τT,min & 1. The MC simulations give the net rate
of pair creation/annihilation, as a function of the e±
thermal momentum (Figure 10). For a given scatter-
ing depth across the plasma, there is particular value
of p at which creation balances annihilation. Near this
equilibrium momentum peq, we Taylor expand,
n˙±(p)
n˙ann
= αn
(
p
peq
− 1
)
, (38)
where n˙ann is given by Equation (37). The value of peq
varies weakly with N±, and αn ∼ 0.1. We also found
that the analytic expression (33) is a reasonable approx-
imation to the pair density at which ohmic heating and
radiative cooling are in balance. Then we can write
1
n˙ann
d
dt
(n±γ) = − ~ωmax/mec
2
ln(ωmax/ωmin)
[
1− n
2
±,eq(p)
n2±
]
.
(39)
Here the equilibrium pair density is a function of p
through Equation (33).
These equations are easy to integrate in the approx-
imation where peq varies slowly with optical depth,
which is the case when the optical depth transverse to
the confining magnetic field is σTN± = O(1). Then
n2±,eq(p)/n
2
±,eq(peq) = (β
2γ/β2eqγeq)f(βeq)/f(β). The
result of the integration is shown in Figure 14.
When the plasma starts off warm and dense (top-right
corner), it first cools off, until it reaches a low thermal
energy where residual ohmic heating balances the strong
radiative cooling (γ˙ ' 0). Then, as the pairs annihilate,
the plasma follows this quasi-equilibrium state (the red
line) to the attractor point (red dot) where the plasma
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Figure 14. Relaxation to combined energy and annihilation
equilibrium (marked by the red dot) of a collisional, quasi-
thermal e± plasma that is embedded in a sheared magnetic
field stronger than ∼ 5BQ. Black lines show the trajectory
followed by the plasma. The flow is everywhere toward the
equilibrium point. Here we take peq = 0.7mec, αn = 0.1,
~ωmax = mec2, and ωmax/ωmin = 105. The red line cor-
responds to the energy equilibrium γ˙ = 0, as obtained by
combining Equations (38) and (39).
is in both annihilation and energy equilibrium. If the
plasma starts off overdense and cool (bottom right), it
heats up until it reaches the energy equilibrium line, af-
ter which the evolution is the same. On the other hand,
the energy equilibrium is not stable when the e± plasma
is underdense. If it starts off cool (bottom left), the
plasma initially overheats, after which the pairs mul-
tiply to the point that radiative cooling sets in. The
trajectory is then the same as starting from the warm
and overdense state.
6. INFRARED-OPTICAL EMISSION
The magnetar corona as described in this paper is a
bright source of optical and near-IR photons, emitting
a flux much higher than expected from the Rayleigh-
Jeans tail of the surface ∼ keV blackbody. The anni-
hilation bremsstrahlung spectrum extends from hard X-
rays down to frequencies as low as ∼ 1014 Hz, where it is
constrained by (i) the plasma cutoff, (ii) self-absorption,
and (iii) induced electron scattering. Optical-IR emis-
sion may also be strongly enhanced by plasma instabil-
ities, e.g. in the transition layer between the magneto-
sphere and the magnetar atmosphere (Section 4.1).
6.1. Plasma Cutoff
The relatively high pair density considered here im-
plies a high magnetospheric plasma frequency ωP± =
2piνP± = (4pin±e2/γme)1/2 near the magnetar surface:
νP±(R) =
[
2e2τT(R)
piγσTmeR
]1/2
= 5× 1013 [τT(R)1]1/2γ−1/2R−1/26 Hz.
(40)
This frequency decreases outward approximately as
νP±(r > R) = νP±(R)
[
B(r)
B(R)
]1/2
∼ νP±(R)
( r
R
)−3/2
.
(41)
Since low-frequency annihilation bremsstrahlung cuts off
in magnetic fields weaker than ∼ 5BQ, the plasma fre-
quency remains above 1013 Hz in the emission zone, and
emission at yet lower frequencies is strongly suppressed.
6.2. Inverse Annihilation Bremsstrahlung
The process inverse to two-photon pair annihilation is
two-photon pair creation. A detailed account of this
self-absorption process is included in our MC proce-
dure. The absorption of soft photons requires target
photons near the threshold for single-photon pair con-
version, which experience strong attenuation by the en-
hanced u-channel resonant scattering off e±. We find
(Figure 13) that the escaping low-frequency spectrum is
very close to the source spectrum – even when the pair
plasma is optically thick to scattering at lower frequen-
cies.
The absorption process which must still be considered
is the inverse of soft-photon emission during s-channel
e± backscattering (essentially, during single-photon pair
annihilation). We now write down an expression for the
angle-averaged absorption coefficient, which provides a
reasonable measure of the attenuation rate of soft pho-
tons in a curved magnetic field:
〈αω(s)〉µ = 〈jω(s)〉µ
Bω(T )/2
. (42)
We are only considering the emission of O-mode
photons, hence the thermal intensity is Bω(T )/2 '
Tω2/(2pi)3c2. Here, 4pi〈ωjω(s)〉µ is the volumetric rate
of energy release in Equation (28). In the spirit of the
preceding calculations of photon emission, which as-
sume a simple, monoenergetic e± distribution, we take
the non-relativistic limit and make the substitutions
T → β2mec2, f(β)→ 4β2/3, to get
〈αω(s)〉µ = 2
3
~ω
mec2
(
2pic
ω
)3 r2en2±
B/BQ
. (43)
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Evaluating this at the top of a magnetic arcade (r ∼
3R/2), one gets
〈αω(s)〉µ r = 0.12 [σTn±(r)r]
2
ν214B15r6
. (44)
This is independent of temperature, in contrast with
ordinary free-free absorption. Depending on the struc-
ture (width) of the magnetic loop, the plasma cutoff
(Equation (41)) is found to provide a marginally tighter
constraint on low-frequency emission.
Soft photons are also absorbed during t-channel e±
backscattering. This process is equivalent to ordinary
free-free absorption in a one-dimensional magnetized
plasma. Because the emission of soft photons during
backscattering is proportional to the cross section (see
Appendix A),
〈jω(t)〉µ = σ+−(t)
σ+−(s)
〈jω(s)〉µ. (45)
Recalling that t-channel backscattering has a relatively
small cross section, we conclude that ordinary magnetic
free-free absorption can be ignored.
6.3. Induced Electron Scattering
Induced scattering limits the brightness of radia-
tion escaping from a cloud of quasi-thermal electrons
(Zel’Dovich & Levich 1969). When the scattering depth
is of the order of unity, the brightness temperature of the
radiation cannot much exceed the kinetic temperature
of the scattering particles (here electrons and positrons).
A strong magnetization of the pairs modifies the
scattering cross section and the recoil energy loss. A
photon of energy hν  mec2 scatters from a given
state (with direction cosine µ = cosα and occupation
number N(ν, µ)) into a second state (with frequency
ν1 = ν + ∆ν, direction cosine µ1 = cosα1 and oc-
cupation number N1 = N(ν, µ1)) with a cross section
dσscatt/dµ1 = 2pir
2
e sin
2 α sin2 α1. The recoil energy is
h∆ν = − 12 (cosα − cosα1)2(hν)2/mec2. The contribu-
tion of stimulated scattering to the time evolution of the
occupation number is (Blandford & Scharlemann 1976;
Sincell & Krolik 1992)
∂N
∂t
+ c(Ω ·∇)N = −n±cN
∫
dµ1
dσscatt
dµ1
∂(∆νN1)
∂ν
.
(46)
Being interested in estimating the induced scattering
rate within a cloud of scattering depth of order unity,
we substitute inside the integral the angle-averaged oc-
cupation number N¯ . Performing the integral over µ1
gives
1
N
∂N
∂t
+
c
N
(Ω ·∇)N =
sin2 α
2
(
cos2 α+
1
5
)
σTn±
h
mec
∂(ν2N¯)
∂ν
. (47)
The emission spectrum of annihilation bremsstrahlung
corresponds to N¯ ∝ ν−3, meaning that the right-hand
side of Equation (47) is negative and the high-intensity
radiation is attenuated. The trigonometric factor takes
a maximum value 3/25; hence, we estimate the attenu-
ation coefficient as
αind ∼ σTn±
10
Tb
mec2
, (48)
where the brightness temperature Tb = hνN¯ .
This limit on the escaping optical-IR flux can be ap-
plied to the magnetosphere, where the scattering depth
across the confining magnetic flux bundle is τT,⊥ . 1;
and to the transition layer at the top of the magnetar at-
mosphere, which is much thinner, τT ∼ 10−2τT(R)1. In
these two cases, the brightness temperature of the escap-
ing low-frequency radiation can exceed mec
2 by factors
10 and 103, respectively.
7. SHEARED MAGNETIC ARCADE:
A CONCRETE MODEL
We now consider how the structure of a sheared mag-
netic field influences the emission by a trapped, qua-
sithermal pair plasma. The specific example is a current-
carrying arcade that is anchored in a thin crustal shear
zone, of width ∆l⊥ ∼ 0.1R ∼ 1 km (Figure 15). Sim-
ilar fault-like structures are seen to form in the global
elastic-plastic-thermal simulations of Thompson et al.
(2017). A large slippage along such a structure has
been explored as a triggering model for a magnetar giant
flare (Thompson & Duncan 2001; Parfrey et al. 2013),
but here we are considering a quasi-static and small-
amplitude twist. The poloidal magnetic field will be
approximated as an axisymmetric dipole. Deviations
from axisymmetry are readily found in the simulations
of crustal yielding just described. The single shear zone
discussed here could represent multiple shear zones of a
smaller thickness.
We focus on field lines extending out to a distance
∼ 1.5R where the magnetic flux density has dropped to
∼ 5BQ, corresponding to the threshold for annihilation
bremsstrahlung emission. Field lines closer to the mag-
netic pole could also support a plasma of similar den-
sity, in local annihilation and energy equilibrium, but
the emitting zone would not fill the arcade.
The crustal shear zone is concentrated between po-
lar angles θs ± ∆l⊥/2R. A field line anchored in the
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Figure 15. Current-carrying magnetic arcade, here ideal-
ized as an axisymmetric structure filled with a transrelativis-
tic and collisional e± gas, and anchored at θs = asin(
√
2/3)±
0.05. The magnetic field weakens from a surface strength of
1015 G to ∼ 5BQ = 2× 1014 G at the outer radius.
shear band extends to a maximum radius Rmax(θs) =
R/ sin2 θs, where the flux density has dropped to
B[Rmax(θs)] =
(1− x2s/3)3√
1 + x2s
B(R, θs) (49)
(here xs ≡
√
3 cos θs). The length of the field line is
l(θs) = 2Rmax(θs)
∫ pi/2
θs
sin θ(1 + 3 cos2 θ)1/2dθ
=
Rmax(θs)√
3
[
ln
(
xs +
√
1 + x2s
)
+ xs
√
1 + x2s
]
.
(50)
The area of the (outer) magnetic flux surface is
A(θs) = 2
∫ pi/2
θs
2pir(θ)
dl
dθ
dθ
=
piR2max(θs)
6
√
3
[
13 ln
(
xs +
√
1 + x2s
)
+
√
1 + x2s
(
11xs − 2x3s
)]
,
(51)
where r(θ) = Rmax sin
2 θ.
Let us take, as an illustrative example, a surface mag-
netic field B(R, θs) = 10
15 G and a flux density about
1/4 this at the top of the arcade. This corresponds to
sin2 θs = 2/3 and
Rmax =
3
2
R; l(θs) = 1.99R; A(θs) = 16.5R
2. (52)
For comparison, the area of the surface shear band and
its hemispheric image is
2A⊥(R) = 4pi sin θsR∆ls = 1.03R2
(
∆l⊥
0.1 R
)
. (53)
The scattering depth τT,⊥ transverse to the magnetic
field is sensitive to the thickness of the crustal shear
layer. At any point on the flux bundle,
τT,⊥(r)
τT(R)
=
2∆l⊥
R
· Br(R, θs)R sin θs
B(R, θs)r sin θ
, (54)
where τT(R) is defined by Equation (18) and we make
use of the scaling n±(r) ∝ B(r). Hence,
τT,⊥(Rmax) = 0.89
(
∆l⊥
0.1 R
)
τT(R)1 (55)
for our default configuration.
7.1. Radiative Output
First consider the output in hard X-rays by annihila-
tion bremsstrahlung. Substituting for l and ∆A⊥ into
Equation (30) gives (for β = 0.6)
dE˙ann
d lnω
= 4× 1034 τ
2
T(R)1R6
B(R)15
(
~ω
100 keV
)
×
(
∆l⊥
1 km
)
erg s−1. (56)
The ‘hotspot’ black body luminosity is, from Equation
(32),
E˙bb = 6× 1034
( εbb
0.25
)
τT(R)1R6
(
∆l⊥
1 km
)
erg s−1
(57)
and the effective temperature in one (ordinary) polar-
ization mode is
Teff = 0.65
( εbb
0.25
)1/2 [τT(R)1
R6
]1/4
keV. (58)
We can also compare the annihilation bremsstrahlung
output in the near-IR to optical band with the luminos-
ity as limited by induced scattering. Adapting Equation
(29) to ν = 1.5−6×1014 Hz, and substituting again for
the length and cross section of the arcade gives
dE˙ann
d ln ν
= 1.5× 1029 ν14τ
2
T(R)1
B(R)15
(
∆l⊥
0.1R
)
R26 erg s
−1.
(59)
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Whereas both E˙ann and E˙bb are proportional to the
cross section of the arcade at the magnetar surface, the
bound on the optical-IR output from induced scattering
is proportional to its surface area,
dE˙rad
d ln ν
∣∣∣∣
max
∼ c
2
4pi
(ν
c
)3
TbA
= 0.9× 1030 ν314
(
Tb
10mec2
)
R26 erg s
−1.
(60)
7.2. Application to 1E 2259+586
Let us compare these results with observations of the
Anomalous X-ray Pulsar (AXP) 1E 2259+586, which
are available at both low and high frequencies. The
hard X-ray emission, with phase-averaged photon index
−1.2 (corresponding to a slope of +0.8 for dLX/d lnω),
is measured up to at least ∼ 70 keV (Vogel et al. 2014).
At that photon energy, dE˙ann/d lnω reaches 30% of the
luminosity of the blackbody component (4×1034 erg s−1
at a distance 3.2 kpc; Pizzocaro et al. 2019). Match-
ing these quantities to Equations (56) and (57) yields
τT(R) ' 8(εbb/0.25) and ∆l⊥ ' 0.8R−16 (εbb/0.25)−1
km.
The fitted blackbody temperature gives an indepen-
dent measure of the radiative area. If the blackbody
photons (temperature 0.44 keV) are radiated in only
one polarization mode (here the O-mode), then the sur-
face shear layer is inferred to be a factor of 4 wider,
corresponding to τT(R) ' 2, ∆l⊥ ' 3.2R−16 km, and
εbb ∼ 0.06. We require a reduction of at least a factor
∼ 4 in the downward flux of positrons into the magnetar
atmosphere compared with the simplest kinematic esti-
mate. Ion-acoustic turbulence in the upper atmosphere
could have this effect (Section 4.1). The reduction fac-
tor could be larger, since part of the baseline blackbody
emission could be powered by internal dissipation.
The output in the optical-IR band is, in this model,
directly tied to the output in hard X-rays, and in qui-
escence is constrained to be dE˙ann/d ln ν = 7 × 1028
erg s−1 at λ = 2µm (where the photon energy is only
6 × 10−6 of a 70 keV photon). The measured ratio of
IR to thermal X-ray flux is 1.5×10−4, corresponding to
5×10−4 of the 70 keV output. During the 2002 outburst
of 1E 2259+586, this ratio was maintained as both flux
components decayed (Tam et al. 2004).
We conclude that the directly emitted annihilation
bremsstrahlung radiation cannot directly account for the
measured optical-IR output of 1E 2259+586, if the hard
X-ray output matches observation. The reprocessing of
ultraviolet radiation into longer wavelengths is an inter-
esting alternative: the output above 13.6 eV is inferred
to exceed 1.6 × 1030 erg s−1, and so could power a sig-
nificant part of the measured optical-IR flux.
Coherent plasma emission from the X-ray emit-
ting flux bundles is also an interesting possibility
here. The plasma frequency in the inner magneto-
sphere and the atmospheric transition layer is νP &
5 × 1013R−1/26 (εbb/0.25)1/2 Hz (Equation (40)). This
means that O-mode photons formed by the coalecence
of Langmuir waves can extend into the optical-IR band.
The dissipation in the atmospheric transition layer,
as bounded by the kinetic energy flux of incident pairs,
could easily be high enough to power the observed
optical-IR emission. Although the details of any coher-
ent emission process are difficult to pin down, a consid-
erable simplication arises here: when the intrinsic emis-
sion process is bright enough, the escaping flux depends
mainly on the limiting effects of induced scattering. Ra-
diation escaping the magnetosphere has Tb . 20mec2,
given that the scattering depth across the arcade is in-
ferred to be τT,⊥ ∼ 0.7 in 1E 2259+586 (Equation (55)),
independent of the blackbody efficiency εbb. The output
at 2µm, as limited by induced scattering off transrela-
tivistic pairs, is ∼ 6×1030 erg s−1 (Equation (60)), com-
parable to the measurement. The limitation at higher,
optical frequencies from induced scattering is not signif-
icant, due to the ∼ ν3 scaling.
Here we have not tried to match the surface magnetic
field to the apparent spindown-determined dipole field
of 1E 2259+586, which is about 1014 as opposed to 1015
G. This object has the longest spindown age of any per-
sistently bright magnetar, indeed longer than the age
of the surrounding SNR. The detection of X-ray emis-
sion of comparable strength to other persistently bright
AXPs suggests the presence of stronger magnetic fields
within the star, and has been interpreted as a signa-
ture of a decay of the dipole field into higher multipoles
(Thompson & Duncan 1996).
7.3. Other Anomalous X-ray Pulsars
The source 4U 0142+61 gives a similar comparison
with our model, with a hard X-ray photon index of −1.0,
ratio 3× 10−4 of the 2.15µm and 70 keV energy fluxes,
best fit blackbody temperature of 0.46 keV (Hulleman
et al. 2004; Tendulkar et al. 2015). The case of 1E
1048.1−5937 (Yang et al. 2016; Archibald et al. 2020) is
more interesting, as it shows (i) strongly variable 20−70
keV emission, which fades below detectability in quies-
cence; and (ii) a smooth, sinusoidal, and weakly energy-
dependent light curve, with some structure emerging in
the 10-20 keV band. The blackbody temperature also
rises above 0.6 keV during outbursts. The IR flux is less
well sampled than the X-rays, but also shows coordi-
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nated changes and with a similar ratio of IR and X-ray
energy fluxes (Tam et al. 2008).
7.4. Amplitude and Slope of the Hard X-ray Emission
The persistent hard X-ray output of a magnetar is
straightforwardly related to the area of its surface cov-
ered by strongly sheared magnetic fields. For example,
SGR 1900+14 shows an energetically dominant hard X-
ray continuum with 60−70 keV output an order of mag-
nitude higher than the blackbody component (Go¨tz et
al. 2006; Enoto et al. 2017). This suggests a high current
density and scattering depth in the current-carrying ar-
cade(s) (τT(R) ∼ 102). Our MC simulations (Section
5.4) show that the annihilation bremsstrahlung source
spectrum, d2nγ/dtd lnω ∼ constant, is preserved by e±
scattering at such a large scattering depth. Photons up-
scattered to an energy ~ω ∼ mec2 do not accumulate
into a thermal peak, but instead are converted back to
pairs, maintaining the high plasma density.
By contrast, SGR 1806−20 has a flatter X-ray spec-
trum that extends upward smoothly from ∼ keV pho-
ton energies, and only shows a weak thermal peak
(Mereghetti et al. 2005b; Enoto et al. 2017). In this
source, we infer a reduced current density combined with
a relatively large covering factor of the magnetar surface
by the current-carrying arcades. A full assessment of the
output spectrum in this situation requires treating the
interaction of magnetospheric photons with the magne-
tar surface (Kostenko 2020).
8. SUMMARY
A quasi-thermal pair plasma embedded in a magnetic
field stronger than 5BQ ∼ 2×1014 G is a strong source of
non-thermal X-ray photons, with a spectral slope similar
to that observed in the powerful hard X-ray emission of
quiescent magnetars. This QED process – which we have
termed “annihilation bremsstrahlung” – is 2-3 orders of
magnitude brighter than classical bremsstrahlung. Its
detection points directly to the presence of super-QED
magnetic fields. The emission of photons in the 10-
100 keV band is concentrated away from the surface of
the magnetar (in contrast with ordinary bremsstrahlung
emission) but cuts off as the magnetic field drops be-
low ∼ 5BQ. This process can be viewed as a soft-
photon correction to single-photon pair annihilation,
e+ + e− → γ → e+ + e−; part (but not all) of the
emission is represented by two-photon pair annihilation,
with one photon rapidly reconverting back to a pair. In
weaker magnetic fields, the spectrum reverts to the an-
nihilation line characteristic of pair collisions in vacuo.
Our calculations employ a full MC realization of
X-ray photon emission, transport, and destruction,
using the QED cross sections and rates derived by
Kostenko & Thompson (2018, 2019). Careful attention
is given to the emission and scattering of photons near
the energy threshold for pair conversion; these play a
major role in energy transport through the plasma. For
example, binning of the photon spectrum must be con-
centrated near ~ωmax → mec2/ sin θ, due to the strong
u-channel resonance in the scattering cross section. A
proper handling of photon collisions requires a gradual
turn-on of the two-photon pair creation process.
A combined treatment of annihilation bremsstrahlung
and positron annihilation at the magnetar surface, along
with the reprocessing of the surface radiation by scat-
tering, will be presented elsewhere (Kostenko 2020).
Our results can be summarized as follows.
1. The persistent non-thermal emission of a magnetar
is predicted to peak around ~ω ∼ mec2.
2. The strength of the hard, rising X-ray continuum,
relative to the surface blackbody, is proportional to the
optical depth through the magnetospheric pair plasma.
The measured fluxes of the thermal and non-thermal
components imply τT(R) & 10.
3. A transrelativistic and quasi-thermal pair plasma
experiences strong collisional ohmic heating due to the
enhanced scattering cross section between electrons and
positrons associated with the annihilation channel.
4. The competition between pair annihilation and
two-photon pair creation regulates the thermal momenta
in the pair plasma to p ∼ (0.5− 1)mec: at higher tem-
peratures, pair creation exceeds annihilation.
5. Photon emission balances ohmic heating when the
e± plasma is ∼ 10− 20 times denser than the minimum
(charge-starvation) density that is needed to support the
magnetospheric current. In other words, the plasma is
strongly in the collisional regime, and much less ener-
getic than the collisionless double layer state found by
Beloborodov & Thompson (2007).
6. The state of combined energy and annihilation
equilibrium is shown to be an attractor.
7. The currents that supply the rising, hard X-ray
continuum of magnetars are strongly localized, as indi-
cated by the detection of thermal X-ray hotspots (e.g.
Woods et al. 2004; Halpern & Gotthelf 2005; Bernar-
dini et al. 2009; An et al. 2015). This is consistent with
the tendency of yielding in the magnetar crust to be
strongly localized, either due to the action of core mag-
netic stresses (Thompson et al. 2017), or global Hall drift
(Gourgouliatos et al. 2016). This currents need not be
sourced by the polar regions of the magnetar crust, and
generally do not represent a shrinkage of a wider cur-
rent toward the polar cap, as suggested by Beloborodov
(2009).
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8. Intense ion-acoustic turbulence is excited in the
transition layer between the magnetosphere and the thin
magnetar atmosphere. The magnetospheric pairs feed
back positively on the ion acoustic instability. The cur-
rent is imposed by the background magnetic shear, and
cannot be reduced by scattering of electrons or positrons
off ion acoustic waves. The downward flow of positrons
into the atmosphere is reduced by an order of magni-
tude if turbulent dissipation in the transition layer ap-
proaches the kinetic energy flux of magnetospheric pairs.
9. The unusually bright optical-IR emission of magne-
tars offers a direct and complementary probe of the same
plasma that produces the hard X-rays. The annihilation
bremsstrahlung spectrum extends down to ∼ 1014 Hz,
below which it is suppressed by the plasma cutoff as well
as annihilation bremsstrahlung absorption. In the well-
studied case of 1E 2259+686, which showed a coordi-
nated decline in X-ray and optical-IR emission following
an outburst in 2002 (Tam et al. 2004), this process can
directly contribute only a few percent of the measured
optical-IR flux. The UV output is more than an order
of magnitude brighter, and might power the optical-IR
emission through reprocessing.
10. The surface plasma frequency is νP±(R) & 1014
Hz, suggesting that coherent emission by plasma turbu-
lence could contribute to the optical-IR flux, e.g. via
Langmuir wave coalescence into photons of frequency
2νP± (Eichler et al. 2002). We show that the measured
fluxes are marginally consistent with the limitation due
to magnetic induced scattering in a plasma of transverse
optical depth τT,⊥ ∼ 1.
11. Lower-frequency (radio to millimeter-wave) emis-
sion cannot be produced in the hard X-ray emitting
plasma, given the high plasma cutoff frequency. It
remains consistent with plasma emission triggered by
current-driven instabilities near the open-closed mag-
netic separatrix (Thompson 2008a,b), where the plasma
density is lower.
Our work has further implications for plasma simula-
tions of magnetar magnetospheres, models of electrody-
namic processes, and the mechanism of magnetic field
decay, which we now describe.
8.1. Comparison with Resonant e± Scattering Models
for the Hard X-ray Continuum
Resonant cyclotron scattering of soft, thermal X-rays
by relativistic e± flowing beyond 10−30 magnetar radii
is a possible source of the rising hard X-ray emission
of magnetars (Ferna´ndez & Thompson 2007; Baring &
Harding 2007; Beloborodov 2013a). Fine tuning is re-
quired if this process is to explain energetically dominant
> 10 keV emission, because the dissipation must be lo-
calized in a relatively narrow flux bundle overlapping
the polar cap.
It is natural for some twist to be redistributed toward
the polar cap by resistive evolution (Beloborodov &
Thompson 2007; Thompson 2008b; Beloborodov 2009),
but typically over much longer timescales than the initi-
ation of an X-ray outburst. Indeed, a delay is observed
in the increase in spindown torque relative to the trigger-
ing X-ray outburst (Archibald et al. 2015, 2020). This
provides direct evidence that the peak X-ray emission
is not powered by currents flowing near the polar cap.
Additional evidence in this direction comes from the be-
havior of 1E 2259+586, which is observed to emit hard
X-ray photons with 30% the luminosity of the thermal
X-ray bump, but has a spindown age much longer than
any other active magnetar.
Another diagnostic is provided by the relative strength
of the blackbody and rising hard X-ray spectral compo-
nents. In the detailed version of the resonant cyclotron
scattering model developed by Beloborodov (2013a,b),
the energy carried by outflowing e± is comparable to
that backflowing to the magnetar surface. So one de-
duces that E˙bb is comparable to the total high-energy
output. In this model, the bolometric output is concen-
trated above ~ω ∼ mec2 and exceeds the luminosity at
100 keV. Such a powerful blackbody component is not
seen in the persistent emission of the Soft Gamma Re-
peater (SGR) sources (see Enoto et al. 2017 for a broad
compilation of magnetar X-ray spectra).
More generally, the strength of the blackbody spec-
tral component depends on the degree of collisionality
of the magnetospheric pair plasma. Inspecting Equa-
tions (29) and (31) describing the emission from a colli-
sional and transrelativistic plasma, one sees that the ra-
tio E˙ann/E˙bb scales in proportion to the optical depth.
As τT(R) increases, there are relatively more annihila-
tions in the magnetosphere (rate ∝ n2±) as compared
with positrons impacting the surface (rate ∝ n±). The
most active SGRs are expected to have strong currents
(and possibly finer structure in the crustal shear pat-
tern), leading to higher τT(R) and a relatively stronger
hard X-ray component
By contrast, a dominance of the surface blackbody
over the 10-100 keV X-ray continuum is expected if the
collisionless double layer described by Beloborodov &
Thompson (2007) is active in the polar regions of the
magnetar circuit. In this solution to the magnetospheric
charge flow, the inner parts of the circuit are marginally
charge starved, with n± ' n±,min. The e+ and e− coun-
terstream relativistically with approximately equal ki-
netic energies.
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Finally, in all versions of the resonant scattering
model, the observed spectrum and flux depend strongly
on orientation; this has allowed the relative orientation
of the magnetic axis, rotation axis and line-of-sight to
the observer to be tightly constrained when fitting to the
spectra of AXPs (Vogel et al. 2014; An et al. 2015). As
regards annihilation bremsstrahlung emission, we note
that most of the emission occurs in a zone which is
marginally transparent to scattering. Beaming effects
are weaker but nonetheless present, because the elec-
trons and positrons move with a speed β ∼ 0.5− 0.7. A
detailed account is beyond the scope of this paper, as it
must involve modelling of radiation transfer through a
curved magnetic field.
8.2. Non-Local Sourcing of Pairs in the Magnetosphere
The emission of a hard continuum from localized parts
of the inner magnetosphere will have a profound effect
on the electrodynamics of neighboring zones carrying
weaker currents, including the polar cap region.
First, the double layer solution in the inner magne-
tosphere depends on in situ pair creation by the direct
conversion of photons scattered at the first Landau res-
onance,
X + e±[n = 0] → e±[n = 1] → γ + e±[n = 0]
→ e+ + e− + e±[n = 0]. (61)
(This is kinematically possible in magnetic fields
stronger than 4BQ.) The threshold energy for an e
±
to resonantly scatter a X-ray of frequency ωX is given
by γres(1 − βresµ) = (B/BQ)mec2/~ωX , and except for
nearly collinear propagation scales inversely with ωX .
Thus, pair multiplication becomes possible at much
lower γres if the inner magnetosphere is bathed with X-
rays much harder than the surface blackbody. Nonethe-
less, this additional source of pairs is also limited by
rapid electrostatic acceleration of the scattering charge
through the resonant energy (Beloborodov & Thompson
2007).
A second, and more powerful, effect involves the cre-
ation of pairs by collisions of gamma rays that are
emitted in the inner magnetosphere. The flux of pho-
tons emitted by annihilation bremsstrahlung somewhat
above ~ω ∼ mec2 can greatly exceed the flux of charges
that is needed to support the magnetospheric plasma.
Furthermore, the cross section for γ + γ → e+ + e− is
enhanced by a factor B/BQ in a super-QED magnetic
field, and is further enhanced if one of the colliding pho-
tons is much less energetic than the other (Kozlenkov &
Mitrofanov 1986; Kostenko & Thompson 2018).
The density of these gamma rays at points near the
magnetar surface, outside the zones of peak current, is
nγ ∼ Lγ/4piR2mec3 ∼ 3 × 1017 Lγ,35R−26 cm−3. The
current density in a smoothly twisted dipole field, at
an angle θ from the magnetic pole is, for compari-
son, J ' (cB/4piR) sin2 θ∆φN−S, where ∆φN−S is the
net closed-field twist angle (Thompson et al. 2002).
The minimum density of current-carrying pairs is, then,
n±,min = 1.7 × 1016 θ2B15R−16 (∆φN−S/0.1) cm−3 near
the magnetic pole. The cross section for the conversion
of two equal-energy photons moving oppositely and in a
direction perpendicular to B is (Kostenko & Thompson
2018)
σγγ = 6σT
(
B
BQ
)
β
(
mec
2
~ω
)6
, (62)
where β is the speed of the created e± (before re-
acceleration). For example, σγγ = 21B15 σT when
~ω = 1.25mec2. Then the optical depth for collisions
is
τγγ ∼ 1B15Lγ,35. (63)
Photon collisions can easily supply mobile charges in
much of the closed magnetosphere (θ2 & 2piR/cP =
2× 10−5 P−11 R6).
The composition of the current flowing at intermediate
radius through the closed magnetosphere is of interest
for other reasons. These charges will rescatter surface
blackbody photons into a declining power-law tail in the
1-10 keV band (Ferna´ndez & Thompson 2007; Nobili et
al. 2008a). The voltage sustained in this zone could also
be significantly reduced by non-local sourcing of pairs,
and the ohmic timescale lengthened.
8.3. Implications for Current Decay
Identifying the process responsible for the hard X-ray
emission of magnetars allows some interesting inferences
to be drawn about the origin of the transient behavior
frequently observed. The ohmic decay time of the mag-
netospheric current supported by a transrelativistic, col-
lisional pair gas is, from Equations (2) and (19),
tohm =
4piσcondl
2
shear
c2
=
4αemB/BQ
piγ
l2shear
cre
= 8× 103B15l
2
shear,5
γ
yr.
(64)
This is comparable to the magnetar lifetime if the mag-
netic field is smoothly sheared over a scale lshear ∼ 1
km, but is correspondingly shorter if the deformation
pattern in the crust is more irregular.
The persistent X-ray (and IR) emission of magnetars
is typically observed to decay over weeks to months fol-
lowing an outburst. This behavior is seen both following
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magnetar giant flares (e.g. Woods et al. 2001) and fol-
lowing lower-energy outbursts, especially in AXPs (e.g.
Ibrahim et al. 2001; Woods et al. 2004; Tam et al. 2004;
Halpern et al. 2008; Rea et al. 2009; Yang et al. 2016;
Archibald et al. 2020). There is an important distinc-
tion between the outbursts of SGRs and AXPs: in the
first case, the energy of the bright, short-duration X-ray
transient can exceed the energy radiated in the subse-
quent afterglow by a factor ∼ 100, whereas for AXPs
a short-duration transient associated with the brighten-
ing is usually energetically subdominant, if detected at
all. In the latter case, a process injecting twist into the
external magnetic field at the beginning of the outburst
would have to be electromagnetically inefficient.
Various mechanisms have been proposed to produce
such transient, decaying X-ray emission: conductive
heating of the magnetar surface by a trapped fireball
during a giant flare (Thompson & Duncan 1995); volu-
metric heating of the upper crust during such an out-
burst, driven either by ohmic heating (Lyubarsky et al.
2002) or by plastic damping of Alfve´n waves (Li & Be-
loborodov 2015); surface heating by bombarding charges
driven by excited magnetospheric currents (Thompson
et al. 2000; Beloborodov 2009) or by persistent plastic
flow in crustal shear zones following a rapid outburst, as
seen in the ab initio yielding calculations of Thompson
et al. (2017).
The ohmic timescale (64) is too long to represent the
observed flux decay if the magnetic field is smoothly
sheared. When the magnetic field is sheared on a small
scale, the decay profile must represent the continued rate
of forcing of magnetospheric currents by crustal defor-
mations. Indeed, the yield calculations of Thompson et
al. (2017) show continued creep along fault-like struc-
tures: the energy release decays overall as a power-law in
time, but can be interrupted by spasmodic aftershocks.
APPENDIX
A. SOFT PHOTON EMISSION DURING ELECTRON-POSITRON ANNIHILATIONS
Here we demonstrate the equivalence between soft-photon emission during e+-e− backscattering, and the 1-γ/1-p
channel of two-photon pair annihilation. The pair is assumed to be sufficiently relativistic (β > 0.24B
1/3
15 in the center-
of-momentum frame) that scattering is dominated by the annihilation channel (s channel), as depicted in Figure 16.
The emission of one hard, pair-converting photon in combination with one soft photon may, in other words, be viewed
as a soft-photon correction to the single-photon annihilation process, e+ + e− → γ → e+ + e−,
e+ + e− → γ + γsoft → e+ + e− + γsoft. (A1)
Here the soft-photon line is attached to one of the charged particles in the initial state. But it may also be attached
to one of the final-state e± (Figure 17),
e+ + e− → γ → e+ + e− + γsoft. (A2)
These two channels contribute equally to the soft-photon output. Hence, when the s-channel dominates e+-e− backscat-
tering, the net cross section for soft photon emission should be twice the two-photon annihilation cross section in the
1-γ/1-p channel. (No such enhancement is present in the annihilation channels that produce two photons above or
below the pair conversion threshold.)
The soft-photon emission cross-section can be directly related to the e+-e− backscattering cross section via (Berestet-
skii et al. 1971)
ω
2pi
d2σbr
dµdω
= 4αem
( ω
2pic
)2( ε · pf
k · pf −
ε · pi
k · pi
)2
σ+−, (A3)
where kµ and εµ are the polarization 4-vectors of the soft photon, and pµi ' −pµf can be chosen as the initial and final
4-momenta of the backscattering electron, restricted to the lowest Landau state. The factor 4 is the enhancement in
the soft-photon factor compared with that representing the emission of a single soft photon by a single electron line.
(There is a factor 2 enhancement in the matrix element due to the presence of distinct electron and positron lines.)
Setting pz,i = −pz,f = γβmec and Ef = Ei = γmec2, we have
ω
2pi
d2σbr
dµdω
=
4αem
pi2
β2(1− µ2)
(1− β2µ2)2σ+− (A4)
for emission of an O-mode photon with direction cosine µ and εz = (1− µ2)1/2.
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Figure 16. Contributions to the matrix element for e+-e− backscattering. Left panel: annihilation channel (s channel). Right
panel: scattering channel (t channel). In the presence of a strong magnetic field, the pair annihilates into a real photon and
there is no interference between the two channels, i.e., there is a vanishing contribution to the cross section from the cross term
between the two diagrams (Kostenko & Thompson 2019).
Figure 17. Left panel: a soft-photon line that is attached to the initial state e+ (or e−) represents a two-photon decay of the
pair. However, this diagram and its twin (with the soft photon line attached to the initial e−) does not exhaust the possibilities
for soft-photon emission associated with e+-e− backscattering through the annihilation channel. Right panel: the soft-photon
line can also be attached to one of the final-state particles. Hence the soft-photon emission cross section is a factor 2 larger than
that implied by the two-photon decay cross section.
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The e± backscattering cross section (Figure 3) can be written as a discrete sum over the s and t channels (Kostenko
& Thompson 2019)
σ+− = σ+−(t) + σ+−(s) =
pir2e
4β4γ6
[
1 + 2piγβ2
mec
2
~Γγ→e++e−
]
, (A5)
where (Kostenko & Thompson 2018)
~Γγ→e++e−
mec2
=
αemB/BQ
2βγ3
e−2γ
2BQ/B (A6)
is the width of a pair-converting photon with µ = 0 and energy ~ω ≤ mec2[1 + (1 + 2B/BQ)1/2]. Equation (A6)
breaks down when the photon is energetic enough for one of the created e± to reside in the first excited Landau state,
hence the upper bound on ω. The exponential factor in Γγ→e++e− , which is close to unity for the annihilation of a
transrelativistic pair in a super-QED magnetic field, arises from the vertex factor described following Equation (3). In
this case the photon is just above threshold for pair conversion, ~ω sin θ ' 2mec2. There are two similar vertices in
the s-channel contribution to σ+−, representing the annihilation and regeneration of the pair. Restoring the relevant
vertex factors to σ+−(s) (which were set to unity by Kostenko & Thompson 2019) implies multiplying by e−4γ
2BQ/B ,
giving the right term of Equation (2).
Hence the soft-photon cross section due to s-channel backscattering is
ω
d2σbr
dµdω
=
8pir2e
B/BQ
β
γ2
(1− µ2)
(1− β2µ2)2 e
−2γ2BQ/B . (A7)
By way of comparison, the two-photon annihilation cross section (3) can be re-written as
ω1
d2σann
dµ1dω1
= 2|µ2| d
2σann
dµ1d|µ2| =
4pir2e
B/BQ
β
γ2
(1− µ21)
(1− β2µ21)2
e−2γ
2BQ/B . (A8)
in the regime where ω1  ω2 and |µ2| = (ω1/ω2)µ1  µ1. The factor 2 in the middle term arises from the choice of
photon 1 or 2 as the soft photon. For consistency, we have also restored the exponential vertex factor that was also
set to unity in Equation (3). One sees that Equation (A8) falls short by a factor 12 in comparison with the soft-photon
prediction (A7), for the reason described in the first paragraph of this Appendix.
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